Chapter 3: The World of Numbers
STEATH 3 - JATIAI HI glaaar

3.1 Why did humans start covnting?

Before cchools, before cities, before writing, there was one very practical

problem: keeping count . Imagine & herdeman on the banke of the Saraswati
river thousande of years ago. fic cows go to the forest every morning and
return in the evening. How will he know if a calf ic miscing? He had no
number names. $p he did a clever thing called one-to-one correcpondence :
for every cow that leaves, put one pebble in a clay pot; for every cow that
returng, take one pebble out. IF the pot ic emply in the evening, all cows are
back. If pebbles are left, that many COWS Qe missing.

This cimple matching of one thing with ansther gave birth to the Maturaf
Numbere : N = {12 3 4, .

Bouer that count: (ebombo and Ichango
The Lebombo bone (South Africa/Ecwatini, about 35,000 years old ) has

27 neat notches, probably a moon-phase calendar. So people were

counting time with numbers.

The Ichango bone (Congo, about 20,000 BCE ) has three columns of
notches. One column chowe 11, 13, 12, 19, the prime numbers between
10 and 20 . Another ceems to chow doubling - So the idea of number i¢
tenc of thousands of years old.

The Indian story: trade and big numbers

In the Indus alley cities cuch a< (othaf and Haroppe. , ctandard weights
and measuvres were needed for trade [,botz‘ery, lapis lazuli, cotfon ). In the
Vedas, names were given to all powere of 10 up to 107 (called parardha. ).
The Lalitavictara. goes up to 1033 ( tallakshana ). The Rigveda. uced powers of
10, and thic prepared the ground for our place-value, base-10 eystem and for

the idea of zere .
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Exercice Set 3.1 (colved)
Q.1 A merchant in (othal gete 15 copper ingotc for every 2 bags of cpicec. He

brings 12 bags. fHow many (ngotl¢ does he 9@{'?
Ans. 12 bage = 6 groups of 2 bags. Each group gives 15 ingote. So 6 x 15 =
70 ingotc .

Q.2 The Ichangs column has 11, 13, 12, 19. What ic common? Give the next
three numbers.

Ans. All are prime numbers (only divicible by 1 and themeelvec). Next three
primec: 23, 29, 31.

Q-3 Natural numbers are closed under addition. Are they cloced under
cubtraction?
Ans. No. 72 — 3 = 4 i¢c natural, but 3 - 2 = -4 and 5 - 5 = 0 are not natural
numbers. So cubtraction can take us out of M. This ic why we needed

zero and negatfives.

Q.4 Each finger has 3 jointe, counted with the thumb. How many can you
count on one hand? Relation with base 127
Angs. 4 fingere x 3 jointe = 12. So one hand counte up to 12. That ic why
ancient people uced base 12 (a dozen). We ctifl cee it: 12 months, 12
hourc on the clock, 12 inche¢ in a fost.

3.2 The great idea.: {'Adnya (zers)
For thousande of yearc the number line began at 1. If you had 5 applec and

gave all 5 away, there was no number for ‘nothing left’ Babylsnians and
Mayans used a placeholder (a mark for an empty column), but they did not

treat it ac a number you can add or multiply.

Indiac thinkers had already given deep respect to Sshduyaz‘d (emptiness) in
the (panishads, Buddhict texte and Patanjalic Yoga Sutras, where emptying
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the mind ic the goal of meditation. Becavse of this, the idea of hothing’ was

welcome. It moved into architecture, lanquage, then into mathematice

through /I—rgaéhata and finally Brahmagupta (628 CE) .

The Bakhshalr Manuscript (early centuries CE) uces a bold dot ( bindu ) for
zero. But a cymbol ic just a mark until it has rules . Brahmagupta, in the

*3F&{AMA§PZLM¢A§I‘6/€/A&{P|L‘AX; defined zero a¢ a = a = 0 and gave its rules.

Rule Meaning Example

a+0=a adding zero changes nothing Z+0=7

a-0=a | cubtracting zero changes nothing 7-0=79

ax0=0 anything times zero ic zero 25x0=0

3.3 Integers: the world on both sidec of zero
IF 5 -5 = 0, what ic 3 - 57 Brahmagupta angwered with business cence. A
fortune (dhana) ic a positive number. A debt (rina) i¢c a negative number.

Going to the left of zero on the number line gives negatives. Pocitive numbers,
their negatives and zero together form the Tntegers, Z (from the German

word *Zahlen” ‘numbers’).

Debt (rina) — negative positive — Fortune (dhana)

Brahmagupta’s rufes for inteqers

 Fortune + fortune = fortfune: 5+ ¢ = 9.
Debt + debt = debt: (-5) + (=4) = =9 You owe T5 and borrow T4 more,
¢o you owe Z7-

o Fortune — 0 = fortfune; debt = 0 = debt: 7 = 0 = 7, and -6 = 0 = =6.
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Debt x fortune = debt: (-3) x 4 = —12. Four debtc of T3 make a debt of
72

o Debt x debt = fortune: (-3) x (-4) = +12..

Think! Why ic negative x negative = ,bofiz‘/‘ve? A negative number ic a debf.
Multiplying by a negative number means remeving that debt. If comeone
takes away 4 debtc of T3 each, you are T12 vicher . So (-3) x (~4) =
+72.

Teacher's Note: Quick cign rules: came cigne — positive , different signe

— negafive (for x and +). (-)(-) = +, () =+ )G = -

Exercice Set 3.2 (colved)
0.1 (adakh ic ¢ Cat noon and falle éy 15 °C éy m/dm'ghf. /M/a/m‘y/\t

temperature?
Ans. 4= 15 = =11 C . (Going ¢ ctepe down reachee 0, then 11 more below
zero.)

Q.2 A trader takes a loan of 550, next day earns F1200, next week loses
3450. Urite the equation and the final position.
Ans. Debt = —550. Profit = +1200. Loss = —450. Equation: -850 + 1200 -
450 . Compute: -§50 + 1200 = 350; 350 — 450 = =100 . He /¢ ctill in
debt of 3100 .

Q.3 Caleutate: (1) (-12) x 5 (i) (-8) x (-7) Gir) 0 - (-14) (v) [—20} + 9
Ans. [/} different cigns, ¢o negative: —60 .
[/'f) came ¢igns, <o positive: 56 .
(iis) taking away a debt of 14 from zers makes you richer: 0 + 14 = 14
(iv) different ¢igne: -5 .
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Q.4 Ug’/ng debt, explain why Cuéfl’Mf/‘hg a negafive = adding a positive, e.q. 10
- (-5) = 15.
Ans. You have T10. Someone removes a debtt of T5 that you owed. Removing a
debt makes you I5 richer: 10 + 5 = 15. So cubtracting -5 ic the came
a¢ adding 5.

3.4 Fractions and Rational Numbers

Counting ic not enough; we must also measuvre . How do three children chare a
wheat field? How much ic half a cap of ghee? Parte of a whole are fractions -
Juct ac 3 has the opposite -3, every positive fraction has an opposite, a

negative fraction . The minus cign can cit anywhere: ~1/5 = (-1)/5 =

1/(-5).

Put all integers and all fractions (positive and negative) together and you get
the Rational Numbere, Q (Q for “quotient”). A rational number ic any
number that can be wriften ac p/9, where p and g are integers and q # 0.

Think! Why 97 07 Becavse dividing by zero has no meaning. If 5/0 = x,
then x x 0 chould be 5, but anything x 0 i¢ 0. Contradiction. So we never

allow zere in the denominator.

Four things to understand clearly

+ Every integer ic rational. 5 = 5/1 and =10 = -10/1. So N, whole numbers
and Z are all inside Q-

+ A rational number has many forme. —1/3 = -2/6 = -3/9 = -10/30.

[hese are equivafent fractions . Dividing or multiplying numerator and

denominator by the came number does not change the value. 12/30 = 2/5
(divfde both éy 6).
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Standard form: when we plot or name a rational p/q, we take g > 0 and p,
g with no common factor except 1 (co-prime ). Out of 1/2, 2/4, 3/6,
1013/2026 ... we choosce 1/2 .

Laws. a/b = ¢/d if ad = be. a/b « c/b = (2 + ¢)/b (came denominator!).
a/b x c/d = ac/bd. a/b + ¢/d = a/b x dfec = ad/be (e # 0). Addition and
multiplication are commutative , and distributive law holde: P[? +r) = p9q +

,br.

Teacher’ec Note: Closure. Rationale are cloced under +, — and x: the result
i¢ again rational. They are cloced under + tos, except division by 0.
MNaturafe are not closed under —; integers are not closed under + (1= 2 ic

not an :’nteger}. Rationale fix both problems.

Think! To add 1/3 and 1/4 with different denominators, make them equal
ucing the (CM of the denominatore: (CM(3, %) = 12. So 1/3 = 4/12 and
1/ = 3/12; eum = 2/12. Dictributive law check: 2 x (1/2 + 1/3) = 2 x
5/6 =5/3, and 2x 1/2+2x1/3=1+2/3=5/3V.

Exercice Set 3.3 (colved)

Q.1 Prove equal: (i) 2/3 and 4/6 (ii) 5/4 and 10/8 (iii) -3/5 and -6/10 (iv)
/3 and 3

Ans. Use afb = ¢/d if ad = be (croce-maltiply).
()2x6=12and3x4=12V.(ii)5%x§=490 and 4x 10=490 V.
(i) (-3) x 10 = =30 and 5 x (-6) = =30/ . (v) 3=3/7: 9x 1= 9
and 3x3=9V.

Q.2 Sum: (1) 2/5 + 3/10 (i) 2/12 + 5/8 (iii) -4/7 + 3/14
Ans. (i) (CM 10: 9/10 + 3/170 = 2/10.

(i) (CM 24: 149/24 + 15/24 = 29/24 .

Gii) (CM 19: -8/14 + 3/14 = -5/14 .
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Q.3 Difference: () 5/6 - 1/4 (ii) 11/8 - 3/4 (i) -#/7 - (-2/3)
Ans. (i) (CM 12: 10/12 - 3/12 = ?/12.

(i) (CM 5: 11/8 - 6/5 = 5/8 .

(i) -2/9+ 2/3=-%/7+6/7=-1/1.

Q.9 Product: (i) 2/3 x 3/10 (i) #/11 x 5/8 (iii) -4/7 x 5/14
Ans. (i) 6/30 = 1/5 . (i) 35/88 . (ii}) -20/%8 = -10/4%.

Q.5 Quotient: (i) 2/3 = 3/10 (i) 3/11 = 5/8 (ii1) -4/% = 5/1¢4

Ans. Flip the cecond fraction and multiply.
() 2/3 x 10/3 = 20/9. (ii) 3/11 x 8/5 = 56/55 . (i) -4/7 x 14/5 =
-56/35 = -8/5.

Q.6 Show that [7/2 +3/4) x 8/3 = 1/2 x §/3 + 3/4 x 8/3.

Ans. (eft cide: 1/2 + 3/4 = 5/4, and 5/4 x 8/3 = 40/12 = 10/3. Right cide:
1/2 % 8/3 = 4/3 and 3/4 x 8/3 = 2, ¢co 4/3 + 2 = 10/3. Both cides are
10/3 v .

Q.7 gfmp/f@ using distributive property: 2/9 x [5/ 72 -3/4).
Ans. /7 x 6/2 — 2/9x 3/9=6/9 - 21/36 = 2/3 - ?/12 = §/12 - ?/12 =
1/12.

Q.8 Find x: 5/6 (x + 3/5) = 5/6 x + 1/2.
Ans. Expand the left: 5/6 x + 5/6 x 3/5 = 5/6 x + 1/2. Both cides are exactly
the came! $o the equation i¢ true for every rational x [it ¢ an iden fz‘ty).

Rational numbers on the nvmber line

To mark p/q: divide the unit gap between two integers into g equal parte,
thew move p parte from 0 (vight if positive, left if negative). Example: 3/4
means divide 0 to 1 into 4 parte and take 3 parte. For 9/4 = 2V, it fies
between 2 and 3, co divide 2 to 3 inte ¢ parte and take 1 part from 2.
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1/2 7z

_7 7
-3/4 3/y

-3/4, 1/2, 3/4 and 9/4 on the nomber line

Absolute value and dictance

The absofvte value [x/ ic the dictance of x from 0 on the number line. So
/3/5/: 3/5 and /—3/5/ = 3/5, /0/ = 0. It i¢c never negqative: /x/Z 0. The
distance between two numbers & and b ic [a - b[ . Example: between —4 and

3:[-4-3/=/[-72/=2

Density: infinitely many between any two
Between 1 and 2 there i¢ 3/2. Between 1 and 3/2 there i¢ 5/4. This never
ctope. Between any two rational numbers, their average (a+b6)/2ic

another rational number lying between them. Why? If a < b then a + & < a
+bh<b+bcoac(a+b)/2<b. Becavse of this, rational numbers are
called dense . It feelc ac if they must Fill the whole number line. But do they?
Wait for cection 3.5.

Exercice Set 3.4 [s'o/uea/)

Q-1 ,erreceht 2/3, =5/4 and 15 on one number line.

Ans. 2/3 ic between 0 and 1: divide into 3 parts; take 2. =5/4 = =1V:
between =2 and =1, 90 1 whofle and then Vi more to the left. 1% = 3/2:
halfway between 1 and 2.
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2/3 3/2

-1
-5/4

2/3, -5/4 and 3/2

Q.2 Find three rational numbers ctrictly between =1/2 and 1/4.

Ans. Many answers. Take =1/4 (it ic bigger than =1/2), 0, and 1/8 (cmaller
than 1/4). So -1/4, 0, 1/8 work. (1 Writing in eighths: ~4/8 <« -2/8 < 0
< 1/8 < 2/8.)

Q-3 Simplify (=1/4) + (5/12).
Ans. (CM 12: -3/12 + 5/12 = 2/12 = 1/6 .

Q.9 A tailor has 15% m of cilk. One kurta needs 2V m. How many kurtac?
Ans. 1534 = 63/4 and 2V = 9/4. Kurtas = 63/4 + 9/4 = 63/9 = Z kurtae,
with no ¢ilb left.

Q.5 Find three rational numbers between 3.1415 and 3.7416.
Ans. Write them with one more c//gff: 3.14150 and 3.14160. Now ,bz'cé
3.14152, 3.14155, 3.14158 -

Q.6 Arother way to find a rational number between two rationals?

Ans. Yee. Write both with the came denominator and then multiply top and
bottom by 10 (or any big number) to make cpace. Example: 13 and 1/2
= 2/6 and 3/6 = 20/60 and 30/60, co 21/60 lies between them. Or uce
more decimal digite ag in 5.
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3.5 Irrational numbers: the qaps in the fine

For centuries people believed every length ic a ratio of integers. Then
Baudhayana (abovt 800 BCE, ?Au/éacdtm} and the Greeks met a length
that ic not. Take a cquare of cide 1. By the Baudhayana-Pythagoras
theorem, diagonald has d?= 12+ 1%= 2 cod =V 2. AndV 2 cannot be

written ac p/q. Numbers on the line that are not ratios of integers are

irrational numbers .

Proof that\ 2 i¢ irrational (prosf by contradiction)
The method: accume the opposite of what we want, and chow that it leads to

comething imposcible. Hippasve (abovt 400 BCE) did this first:

Proof

Step 1 Suppoce V2 ic rational. ThenV 2 = P/ in cimplest form [/b, q integers,
g # 0, no common factor except 1).

Step 2 Square both cides: 2 = p%/q°

Step 3 Multiply by 9% 29%= p*.

Step 4 So p?ic even. IF the cquare of a number i¢ even, the number ic even.
Sopiceven:p= 2k

Step 5 Put back: 2¢% = (24)* = 4k*

Step 6 Divide by 2: 9% = 24%.

Step 7 So 72/? even, hence ¢ ic even .

Step 8 Now p and g are both even, co 2 ic a common factor . This

contradicts Step 1. So our acsumption was wrong: V 2 i¢ irrational.

Think! The came proof worke for V3,V5 V7 (replace 2 by the prime). It
aleo worke for V 10. Tt does not work for N 4 or\ 9, becavse those are
perfect cquarec:\ 4 = 2 ic rational. So: Vi irrational when n ic not a
perfect €quare.
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Dkawmg V 2 on the number line

On the number line take OA = 1 unit. At A draw a perpendicular and mark
B with AB = 1. Join OB. By Pythagoras OB =\ (1%+ 1% =V 2.

With centre 0 and radive 0B, draw an arc to meet the number fine at P,
Then OP =~/ 2 and P reprecente\ 2 on the line (about 1.414).

Jo 9€f\/3: at Pdraw a perpendicular of length 1, join 0 to its top, giving
V(2 + 1) =V 3. Continve the came way to get V4S5, o\ . This ie the

cquare root Spiral .

-1

Construction of \| 2: right triangle OAB, then arc 0B — P

T and Madhava'e infinite seriec

TU = circumference = diameter ic alco irrational (,broved by (ambert in 1261 ).
/l—rgaéha{fa (799 CE) gave 3922/1250 = 3.1416 but wisely called it Acanna,
an approximation. Madhava of Kerala (14th century) found that an

irrational number needs an infinite cum T =4 x (1- 1/3+ 1/5- 1/7 + ..)

- Adding infinitely many terme means ceeing what value we get closer and

closer to.
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3.6 Real numbers and decimale
Rationale and irrationals together make the Real Numbere, P : the full

unbroken number (ine. The eaciest way to tell them apart ic the decimal

expangion .

Type Decimal Example

Pational
ctope 3/8=0.375
( terminates)

a block repeats forever (digite in brackets
Rational (repeatc) 5/11 = 0.459545... = 0.(45)
re,beat)

V2=141421356..., T =
Irrational never ctope, never repeatc

3.1497579...

Think! 10/3 = 3.333... (the digit 3 repeatc). 11/12 = 0.91666... (71 does
not repeat, then 6 repeats). So repetition may begin after a few digite.

Why do come rationals repeat? Divide 1 by 7. The only possible remainders
are1, 2, 3,4 5, 6 [hever 0, or it would cto,b]. After at most 6 ctepe a
remainder must come again . From there the whole divicion repeats. So 1/7 =
0.71925572192857%...

Predict before dividing

Write ,b/ g in lowest terms. The decimal terminates only when the prime

factors of ¢ are only 2¢ and/or 5¢ . |fhy? Becavse then we can multiply top
and bottom to make the denominator a power of 10. Example: 3/20: 20 = 2°
x 5. Multiply by 5: 15/100 = 0.15 . Otherwise the decimal ic non-terminating
repeating .
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Fraction | Denominator factore Decimal
3/20 2%x 5 0.15 terminates
7/ g 0.875 terminatec
/3 3 0.333... repeatc
5/6 2x3 0.8333... repeatc

Converting a decimal into p/q

Cace 1: Terminating. Convert 0.35
Step 1: 0.35 = 35/100 = 7/20.

Cace 2: Pure repeating. Convert 0.(6) (6 repeatc)

Step 1: (et x = 0.666...

Step 2: One digit repeats, co multiply by 10: 10x = 6.666...
Step 3: Subtract: 10x — x = 6.666... — 0.666... = 6. S0 9x = 6.

gtep‘/.‘x:é/?:Z/Z,

Pure repeating with two digite: 0.4545... = 0.(45)

Step 1: (et x = 0.9595... Two digite repeat, co multiply by 100: 100x =

5065/ Y

Step 2: Subtract: 99x = 45, cox = 45/99 = 5/11.

Cace 3: General repeating. Convert 0.1666... (1 does not repeat, 6 repeats)

Step 1: (et x = 0.1666...

Step 2: Move the non-repeating digit: 10x = 1.666...

Step 3: Move one repeating block more: 100x = 16.666...

gtep q: g)uétract: 100x — 10x = 16.666... — 1.666... = 15, ¢o 90x = 15 and x

=15/90 = 1/6.

Notes by Abhichek Siv
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Another: 2.3573... (35 does not repeat, 7 repeatc)

ftep 1: x = 2.35777.... /Mu/tf,b/y éy 100 (tWo non-repeating a(/gff('): 700x =
235.7277...

g’tep 2: /Ma/tf,b/y éy 1000 [oz«e more repeaﬁhg‘ c{:g:ﬂ 71000x = 2352.777...

Step 3: Subtract: 900x = 2122, ¢o x = 2122/900 = 1061/450 .

Decimal type Steps

Pure repeating x = number. Multiply by 10" (n = repeating digits). Subtract. Solve.
General x = number. Multiply by 107 (m = non-repeating digits) and again by 10" more (n = repeating
repeating digitc). Subtract. Solve.

Careful! Common mistakes: multiplying by the wrong power of 10, and
Forgetting to cimplify the fraction at the end. Alwaye check by dividing p
éy 9 once.

The magic of cyclic numbers

/7 = 0.192552192857... The block 142857 ic a cyclic number . Multiply it
ég 1 to 6 and the came d;’g:‘y‘g’jurz‘ rotate: 192857 x 2 = 285714, x 3 =
428571, x 4 = 5721928, x 5 = 219285, x 6 = §52192. A éeautiﬁ(/,batfern
hidden inside the rational number 1/7.

Irrational decimafe
Trrational numbers have decimals that never end and never repeat :\/ 2 =

1.4192135623..., U = 3.1415926535... No block loope forever.

Exercice Set 3.5 [co/vea/}

Q.1 Withouvt diw‘c/ihg, cay which of 2/20, 4/15, 1 3/250 terminate. Then
check by long divicion.

Ans. 7/20: 20 = 2% x 5, only 2 and 5, <o terminates : /20 = 0.35.

Notes by Abhichek Siv
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4/15: 15 = 3 x 5. A factor 3 ic present, <o it repeats : 4/15 = 0.2666...
= 0.2(6) (6 repeatc).
13/250: 250 = 2 x 53 co terminates : 13/250 = 0.052.

Q.2 Long divicion of 1/13. Repeating block? What abouvt 2/13, 3/13, 4/137
Ans. 1/13 = 0.026923 026923... The block ic 026923 (6 digitc). 2/13 =
0.153846..., 3/13 = 0.2307269..., /13 = 0.307692....
Observation: 3/13 and 4/13 uce the came digitc 0-7-6-9-2-3 in the
came circular ovder , only ctarting at a different place (cyclic). But
2/13 gives a different block 153846 (which ic itself eyclic: 5/13 =
0.389615, 6/13 = 0.461538, and <o on). So 13 gives two cyclic famifiec.

@.3 C/Mci@ a¢ rational or jrrational and give Fractione: w V&1 [u} V12 6’4’/7
0.33333... (iv) 0.123951239512345... () 1.010010007100001... (i)
23.560185612239874790120

Ans. ()N §1=9 = 2/1: rational .

(i) V12 = 2/3 12 i¢ not a perfect equare, <o jrrational .

(iii) 0.333... repeate: rational, = 1/3.

(iv) The block 12345 repeats: rational. x = 0.123451234...; 100000x —
x = 12345, ¢o x = 12345/99999 = 4115/33333.

(v) The number of zeros between the 1¢ keeps growing (1, then 2, then
3 zeroc ...). Mo cingle block vepeate , co it ic irrational .

(vi) It ends (terminating), co rational : 23.5601856122398 74790120
= 2356018561223987479012/10% (can be reduced).

Q.4 Show that 0.999... = 1.
Ans. (et x = 0.999.... Then 10x = 9.999.... Subtract: 10x — x = 9.999... -
0.999... = 9. So Ix = ¢ and x = 1. Yes, 0.979... i¢ exactly 1, not clightly

lesc’
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Q.5 1/7 has & cyclic block. Find more w whose 1/n gives eyclic blocks.
Ans. Try primec. 1/17 = 0.0588235294117647... (16-digit block), 1/19 =
0.052631528942368421... (18-digit block), 1/23 (22 digite), 1/29,

1/42 1/59, 1/61 aleo give cyclic blocks. Multiplying the block by, 2 3

.. Just rotates the digitc.

Teachere Note: Two forme of the came number. Juct ac 1 = 10/10 =
1 00/ 100, any terminating decimal has a cecond form with repeaﬁhg 9e:
1.000... = 0.999..., 2.472000... = 2.96999....

3.7 The never-ending journey: the family of numbers

(Eea/ nombere (R) = Rational + Irrational h
4 N [ )
Rational numbers (Q): p/49, 9 # 0 Irrational (I)
( Ftegers (2 )
Integers 2 =2,-1,01,2... V25 A5 T
4 N\
A/ﬁt“rﬂ-/ (/V) Decimale never end,
1,23 4.. never repeat
(whole numbers = N and 0)
&C/ra hac 1/2, -3/4, 0.35, 0.142857... y
\§ J
\_ O\ J
\_ W,

o« Natural [/\/} 7,2, 3... counting numbers.

o Integers (Z): add zero and negatives.

o Rational (Q): all p/q (3 # 0). Decimale terminate or repeat.

o Irrational (I): like V2,10 V10. Decimale never end. never repeat.

o Peal (R): rationals + irrationale = the whofe number [ine.
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Think! What e\ =12 Mo real number multiplied by itcelf gives —1. So
mathematicians invented imaginary numbers , wriften i, uced in electrical
engineering, quantum phycice and your mobile phone. That ic a journey for
a higher clase.

End-of-Chapter Exercises (colved)

Q.7 Convert by long division: () 3/50 (i) 2/9

Ans. (i) 3/50 = 6/100 = 0.06 (terminating). (i) 2 + 9 = 0.222... = 0.(2)
(the digit 2 repeat<; remainder 2 comes again).

Q.2 Prove ' 5 ic irrational.

Ans. Suppoce VS5 = ,b/?, co-prime, 9 # 0. Square: 572: PZ- So 5 divides PZ'
Since 5 is prime , 5 dividec p- (et p = Sk. Then 5¢% = 25k% co 9% = 547
¢o 5 divides 72. $o 5 dividee 9. Now 5 dividec both p and g, which
contradicts co-primality. So'5 ie irrational .

Q.3 Convert to p/q: () 12.6 (i) 0.0120 (iii) 3.0(52) (iv) 1.2(35) (+) 0.(23)
(i) 2.0(5) (i) 2.12(5) (viii) 3.12(5) (ix) 2.(1625)

Ans. (Bar means that block repeate: (iii) 3.0 52 52...,; (iv) 1.2 35 35..., (v)
0.23 23..., (vi) 205 5..., (vii) 212 5 5..., (vii}) 3.12 5 5..., (ix) 2.1625
1625....)

(i) 126/10 = 63/5.

(i) 120/10000 = 3/250.

(ii7) x = 3.05252...: 10x = 30.5252..., 1000x = 3052.5252.... Subtract:
990x = 3022, ¢o x = 1511/495 .

(iv) x = 7.23535...: 70x = 12.3535..., 1000x = 1235.3535.... 990x =
1223, ¢o x = 1223/790.

(v) 100x = 23.2323..., cubtract: 99x = 23, x = 23/97 .

(vi) x = 2.0555..: 10x = 20.555..., 100x = 205.555.... 90x = 185, €0 x =
185/70 = 3%/18.

Notes by Abhichek Siv 77



Chapter 3: The World of Numbers
AT 3 - FJATS] b glaar

(vii) x = 2.12555...: 100x = 212.555..., 1000x = 2125.555.... 900x =
1913, ¢o x = 1913/900 .

(viii) x = 3.12555...: 100x = 312.555..., 1000x = 37125.555.... 900x =
2813, co x = 2813/700 .

(ix) x = 2.16251625...: 10000x = 21625.1625.... Subtract x: 1999x =
21623, cox = 21623/9999 .

Q.4 Locate on the number line: (i) 0.532 (i) 1.1(5)

Ans. (1) 0.532 = 532/1000 = 133/250. Tt liec between 0.5 and 0.6. Divide
0.5 to 0.6 into 10 ,bar?‘g'; it lies between 0.53 and 0.54, ¢o divide that
into 10 parte and take the 2nd mark.

(ii) 1.1555... = 52/45. Tt lies between 1.1 and 1.2. Divide that gap into
10 parts; the value 1.1555... ic just past the middle (1.15), a little
before 1.16.

Q.5 Find 6 rational numbers between 3 and ¢.
Ans. 3.1, 3.2, 3.3, 3.4, 3.5, 3.6 (or 31/10, 32/10, ...).

Q.6 Find 5 rational numbers between 2/5 and 3/5.
Ans. Write ac 20/50 and 30/50. Take 21/50, 22/50, 23/50, 24/50, 25/50 -

Q.7 Find 5 rational numbers between 1/6 and 2/5.
Ans. (CM 30: 1/6 = 5/30 and 2/5 = 12/30. Take 6/30, 2/30, 8/30, 9/30,
10/30 (that ic 1/5, 7/30, 4/15, 3/10, 1/3).

Q.8 x/3 + x/5 = 16/15. Find x.
Ans. (CM 15: 5x/15 + 3x/15 = 8x/15 = 16/15. Co x = 16 and x = 2.
Check: 2/3 + 2/5 = 10/15 + 6/15 = 16/15 V.
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Q.9 &, b non-zero rationals with a + 1/b = 0. I¢c ab positive or negative?
Ans. a + 1/b = 0 means a = ~1/b. Multiply both cides by b: ab = —1 . So ab i

negqafive .

Q.10 A rational with terminating decimal whose last non-zers digit ic in the
Yth decimal place. Show it ic p/1 01 with p wot divicible by 10. Muct the
lowest-form denominator be divicible by 2 Tor 577

Ans. Moving the decimal ¢ places gives an integer p, co the number ic p/10%
The 4th digit ic non-zero, co p does not-end in 0, <o 10 does not divide
p.

Now 10%=2%x 5% p ic not divisible by 10, <o p ic not divisible by 2 or
not divisible by 5 (or both). IF p i€ odd, no 2 cancels, co 2 4§'tay§' in the
denominator. If 5 does not divide ) qs’tayg’. Co the denominator j¢
divicible by 290r 59 (at least one of them) , but not necescarily both.
Example: 0.0005 = 5/10%= 1/2000 and 2000 = 27 x 53 (divicible by 27
only).

Q.11 Withoot dividing: ic 18/125 term:‘nat/ug? How many decimal ,b/acec?
Auns. 125 = 53, Oh/y 5¢, co it terminates - /Mu/fl}b/y éy 2% 18/125 = 144/1000
= 0.199, ¢o 3 decimal places -

Q.12 A rational in lowest form has denominator 23 x 5. How many decimal
placec?

Ans. /Vla/ti,b/y top and bottom by 5 2to make 23x 53= 103 $b the decimal
ends after 3 places . (In general the number of places = the larger of
the powere of 2 and 5.)
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Q13 a =2/12, b = 5/6. Yrite & = ,é,,/m and b = kz/m with k, — é,, > 6. Give
five rationals between a and b. Why ic &, — ky > n + 1 needed for w
numbere?

Ans. In twelfths, a = 2/12 and b = 10/12, with &, - k, = 3 only. Multiply top
and bottom by 3: a = 21/36, b = 30/36, co m = 36, ky = 21, k, = 30,
ana/,éz—é,fz 7>6 V.

Five numbers between: 22/36, 23/36, 24/36, 25/36, 26/36 .

Why the condition? Between the integers ky and k; there are exactly &,
— ky — 1 whole numbers. To fit » distinct numerators we need ky — kg — 1
20, that icky — ks > n + 1 (the book acke for ctrictly more to be cafe).
IF the gap ic omall, we multiply by & bigger number to create room.

Q.19 x, y, z rational withx +y +2= 0 andxy + yz +2x= 0. Showx = y = 2z =
0.

Ans. Square the first: (x + y +2)%= x*+ y?+ 2%+ 2(xy + yz + 2x). The left
cide ic 0 and the bracket on the right ic 0, co x*+ y?+ 22= 0. Squares
are never negative, co the cum of three quares ic 2ero only when each ic

2ero. Hencex=_y=z=0.

Q.15 Show [a + b)/2 lies between a and b.
Ans. Take a < b. Thena +a < a+ b coa< (a+b)/2. Alcoa+b< b+ b, e
(2 +b6)/2<b. Hencea< (a+ b)/2<b.

Q.16 Lengths of hypotenuses in the equare root spiral.

Ans. Start with a right triangle with both legs 1: hypotenvce V 2 . The next
triangle has legeN 2 and 1: hypotenvse | (2 + 1) = V3. Mext lege V' 3
ond 1:N 4= 2. Then V5V 632 V8, 3 (z\/?} , and €0 on. [n 9eneral
the nth Ay/botenuce /g\/(n + 7}. Each rnew one ic\/[,brew‘oucz +1).
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Quick Revicion
N counting numbers — Z adde 0 and negativee — Qall p/q (3 #0) - R

adds irrational.

Brahmagupta’c rules: a + 0= a, a x 0 = 0, debt x debt = fortune.
Rationale are dense: (a + b)/2 lies between a and b.

,b/7 (lowest termg) terminatec if g has only 2¢ and 5¢; otherwice repeatc.
Repeating decimal — fraction: multiply by 1 and cubtract.

V2 and T are irrational: decimale never end, never repeat. Proof of V 2 by
contradiction.

0.999... = 1. Dictance between a and b = [a - b].

Teacher'e Note: Do it yourself: Find the decimal of 1/7, 2/7, 3/% ucing long
divicion. Which digite appear in each? What do you notice about the
block?
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3.) §AT < faaT FAY o= fahar?

BT, TR IR TS 3 off vger v a5 cATaERe FEeAT o fAaidt v | gt
ST UgS! IR gt & a1y O <IRATE bt HeUaTT ah3)| I A Jag GA9TeT o1
& 37lv o BT FAledt &1 I 2 vaT Tt 3 FIE gwr J AAT? IAF U TSI H
T TET 21 FACAT I Toh-TF T [ReArar 13T: o1y I q1eR A0 I&h foIv fagh

& % H P s ST ol i I 10 v dabe fabren] o b orsT FTeft g ar
T I orie TS| Hawe T & ar 3ot ard AT 2

0% et B gordt I Renrsr & Ff et 1T I T w=ams S+ N = £, 2, 3, 4,
o

» e &gt GIRor s/, e 35,000 FMer R ) U7 29 Fev
faensr & oimae Fie Ft Horlai HT dois| ATAT ol FzATSAY I TAT fareT 7 o
goran &gt (e, orarsiar 20,000 £, ) W fAena & st 43 &) v w99 # M,
13, 17, 19 & a7t 10 3 20 & Sffer F) I FEAG | g H G HIEAT FRHr
2| st =T T eI ) gerre AT YRIeT &

IRT H} Farth AT AT g HED

fary a7t & oD, S eveT ST gEwT | # e (Rt % 9, onerad, wUrE) %
1T #1e1ah dler-A1T 1t 9 ot & 10 @ Tt Ty & S 102 ( WRTEF ) T BT AT
Y| SNfeAdfIZT? & 105> ( TETEUT ) T % 197 &1 FIaE 7 10 F1 51t T GANT g,
forerar g wsrraraTaT, SATET-10 oAt ST ST % faare 1 FHIT AR ES)

ot 3. (o7 AlR)
b.) 13767 7 TF carardt 2 oy FAT & agor 1S Jis #1 fAfeorr uiar 81 ag 12 Jer
o7 &1 I3 faraatt fAfeerar feiaft?
I 12 dot = 2-2 ot F 6 FHF) &2 FAE A |5 e o7 6 x IS = 90
fafeorar |
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G.2 o1 & I A, 13,17, 19 & SR FAT JHT &7 37976ht e F=0?
IJT- T AT HIATD & (Faer | 31 T 3 fas11e7) | 3TeAt fer 37e7meah: 23, 29,
3

9.3 UTohd JST0 ol # Iqd &) a7 Tt # o

Ja- T 7-3=4TPT & W3 - 7=-4 3RS - =0 Ueba 7 &) FAMAT
TeTd g7 N I §1e3 of ol IadT & §1 BROT A I SFUTllHS T o1t
el

9.4 &7 Jocft & 3 UR &, 95 3 i &1 v gy I faberer 19T Job 817 et

STTER-12 3 Jayer?

ITT- ¢ 39T x 3R = 12 | TP &1 I 12 Ja et ST arefiar et sirens

12 (Zotar) §eclarer a3 91 16T off: 12 wEla, TR & 12 7L | e FH 12 7

3.2 S = o

FARY el qF FEAT ¥ | I = At o) G U S I gt FR A Uiy @ ar
‘P T T T F 1oIT B FAT T oft) SN R FA FgHAT FTEY FATA-UZH
g (et Jrat &7 Fere]) §eATT FIT , W I DAt Fwor Aet ararar o forer
GAET-3UIT ST T

TR & Ta=Rem) o Jufagl, sig oY st UdeTer @ A & G ) AT FFATA
f2ot, ST&T #1eT @y Tt T exfreT BT oIy &) AT ‘FT TF FT fa HaT T

oT| A€ ARG, ST 3R 7 sirfera & IR gidd: T (628 F.) & greii 1o

H ggerm|

FRITeA! wigfafa (amsfdier @y £) # 47 & for v AT g () & w g
T T HacT 1911 & S o Ja (A 77 &) I T "FIgpelIgiad” H 7
a - a = 0 Fgh3 g a1 sk 3aa 379 2o
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a+0=a | YT T FT A agerar | 7+0=7

a-0=a | ST TTIFT AL TG | 9-0=19

ax0=0 At ftI=mx 0 =0 25x0 =0

3.3 yurta: S @ el R @ gfaar

TF S —S=07dr3— S FaTERN? TERIT o AIIRF IAT I IR 1ea7] eIt
(dhana) e T &1 30T (vina) SO JST & T T GT T & TT§
3T &7er G FUTHS JSAD Aerd &1 eticias TS0, I FollcHd JSATE I
NG @WWZ g1 & (7T STsg *2ahlen” = ‘TET )|

BT (rina) — FRUTIHE GATHS — €T (dhona)
+— I I I I I I I I I —
) -9 -3 -2 -1 g 7 2 3 q 5
Uil & FEI @ a9

T+ gaT = Yai S + § = 9]

FOT + T = FOI (-S) + (—4) = -9 g7 W +5 IR & 3R T4 a7 foip, ar
T9 3YUR g3l

OT -0 = ¢y, FOT—0=F 7 -0 =7 3R -6 —0=—6]

F0T x G4 = 0 (-3) x § = —|2] F3 F R Fe [HAB T2 T Fel |
FUT x 0T = ¢fa1: (—3) x (—4) = H2 |

AN T x T = e FA)? FONHF TS dhol &) FOTHS JIT I T 75T 37
3T Fof T Z2TT & HIX JFRER T3 1o § Fhot 82T & dr gH 12 AT & I0] 37

(-3) x (-4) = +12]
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folgia @1 a1 FRIg & Feve 97 (x a7k + & forp): wana g - aanFa
R Rig - Fondd | () =+ (HE) =+ (@) = -

gt 3.2 (o7 ARA)
Y.) GT2IRT & IR T 4 °C & 317 3meft T aF 1S °c fawar &1 smEht I @hr AT
I 4 — 1S = = °C | (4 FHeHA A= aape 0, 57 1) apfe =rl)

.2 TF HTIrR} T850 &7 Fel oidT & 3RTel el F1200 HHIT & 37T g0 F4S0
Jarar & FHBIT sife Sl =2
- FHof = —350] e = +1200| gIfa = —4S0) THIHIT: —850 + 1200 — 450 |
—850 + 1200 = 350; 350 — 450 = —100 | 5F 37 St F100 ¥ Fef H &l

9.3 famrer: () (-12) x s () (=8) x (=7) i) 0 = (-19) (v) (-20) = ¢
gv- () foreT 49g, Sfeir FonHs: —60 |

Gi) T RIg, AT g<tiHF: S6 |

(i) ST 7 T 14 FT Fof g2T U gF AT AT 0 + 19 = 14 |

Gv) T g =S |

.4 ol o 3GIE0T I JHAFIIT 125 FONHF TSI = GAlFss oirgatl, aa 10 — (-S) =
1S1
IV JRR U 0 & PN o T THIAT FS T Hef 82T gl & ah.ofsdo?:#gw )
FHR AT & 10 + S = 1S | 3T =S T T S aer v & 2

3.4 3 alz uRaw Iz

Syger forel} et i AT o s 1 T =y A A AT ey TR aivery oy o
fhaair? W & T f3isr deeria & S 3 &7 faudd -3 & o & g e a7
faudar O sonaas e &) ot i et oft ofar Fabar & —1/S = (=1)/S = 1/(=5)1

Zsft quitent arte st e (i a7l Feoniaas) @ Rt uo URAT HEATD
Aot & (@ = “quotient”™, $TTITHeT) | WWH@'?"'@@'WQ > XU R =T ar
>, oTel p 37 ¢ WiE & AT g # 01
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=N g # 0 FA? FANF Y I AT T HIS 37 T Al S/0 = x Fararx x 0
= S gIST AT, W Fo $ft x 0 = 0 gar &1 fRremsry) AT g7 7 27 s T

TR T ATH HAFAT

« g yutEs URAT F) S = S/I §R 10 = =10/11 37 N, qof TS ST 2 T @ >
ez &
uRAT T F» HE wa A 1 —1/3 = =2/6 = -3/ = —10/30 3 T T AT &
ier 37 g7 oY TF & TSAT 3 19T 77 Ipurr ¢t W AT T8 agerarl 12/30 = 2/5
(RIS B 6 2 9T |
HIeTah T plg ST T gifard R JHT &7 q > 0 AR p, g F | & AT IS
ZsrAfers qUIaTEs qgt ( We-IHATT ) i &1 112, 2/4, 3/6, 1013/2026 ... & I &H
12 a7 &
@7 a/b = c/d F1G ad = bcl afb * ¢/b = (a + ¢)/b (& TAT T =1RE!) |
a/b x c/d = ac/bd] a/b < ¢c/d = alb x dfc = ad/bec (c # 0)] &F 3T JJorT
FaAfafan= & 31z faczor faar oy & & plg + 1) = pg + prl

fRlgren 1 s HGAT| IRAT TS +, - 3l x 7 Fgey & TR oz R <+
H oft FgT 2, T A ST B DIZHT | Gigpel FHATL — H Ty Te: qunias + F
Zige s7et (I + 2 qurter aidh) | uRET JEIC 1 JFATC 867 9 ot &

HY! FTTIT-3TET &7 areft 1/3 SR 1/4 eEet % foIT &3F &1 . & oA a.(3, 4)
=121 3T 1/3 = 4/12 377 114 = 3/12; 7T = 7/12] faaqwur 135 @ aran 2 x (12
+1/3) =2 x5/6=5/332x1/2+2x1/3=)+2/3=5/3V]

geraelt 3.3 (g7 ART)
9. Rig ) 1o aew & () 2/3 3R 4/6 Gi) /4 3R 10/3 (i) -3/5 37 -6/10 (iv)
9/3 37 3
ITT- alb = cld Al ad = be ([ABT o) BT TART FR)|
(D 2x6=123M3x4=12v]G)Sx8=40314x10 =240 v i)
(-3) x 10 = -30 370 S x (~6) =30 /| (iv) 3=23/1:9x] =9 3f73x3
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=9 v

.2 79T (i) 2/S + 3/10 (i) 712 + S/8 Giii) —4/7 + 3/14
3<7- (G) e13F. 10: 4/10 + 3/10 = 700 |

Gi) o1, 24: 16/2G + 15/24 = 29/24 |

Gii) . 19: =814 + 3/14 = =SNG |

.3 3iqw () S/6 - /9 Gi) 11/8 - 3/4 Gii) -7/9 — (-2/3)
Iv- () a3, 12: 10012 - 3/12 = 702 |

Gi) o1 8: 11/8 — 6/3 = SI8 |

Gii) =7/9 + 2/3 = =7/9 + 6/3 = =1f8 |

.4 guriwer: () 2/3 x 3/10 Gi) 71 x §/8 i) =417 x $/14
32- () 6/30 = 1S | Cii) 35/82 | Giii) —20/98 = -10/49 |

.S siemrer: () 2/3 <+ 3/10 (i) 7/ + S/8 (i) —4/7 + S/

I<9- R 3w B Jeteahe 0T F)
() 2/3 x 10/3 = 20/ | (i) 7/ x 8/S = S6/5S | Gii) —=4/7 x 14/S = =56/3S
= -8/5 |

.6 TR (1/2 + 3/4) x 8/3 = 1/2 x 8/3 + 3/4 x 8/3]
I STAT U 1/2 + 3/4 = S/4, R S/ x 3/3 = 40/12 = 10/3] FTATUL: 1/2 x 3/3
= 4/3 31T 3/4 x 8/3 = 2, HT 4/3 + 2 = 10/3] G wgT 103 /|

9.7 fadRor 3ot 3 6T B3 7/9 x (6/7 — 3/4)]
3I-7/9 x 6/7 — 7/9 x 3/4 = 6/9 — 21/36 = 2/3 =712 =8/12 — 7/12 = 1h2 |

.8 x Jd B S/6 (x + 3/S) = S/6 x + 1/2]
I ST TY Feh: S/6 x + S/6 x 3/S = §/6 x + 1/2] Zit ggT fdogper T ol &
3T FHIBIT g7 URAT x F fag IZ & (I7 v Faaer &)
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T 3T T URANT HZAT

plg ifehd FRT & oI 3F quilen) @ ST 1 SIS gt BI ¢ TIET AN # Fie), 57 0
I p ST T (eTIH & A ZT5, FONHAS & ar a1 | IGTET: 3/4 & AT 0 I | B
G ST F FieT N 3 AT ATl 9/4 = 2%, Hg 2 SR 3 F AT & AT 2 T 3 Fr 4
ST & §Ieh? 2 A | 71T o]

Fe=T YT U7 -3/4, 112, 3/4 37 9/4

faigr #rer a1i7 g2t

A08r ATeT x| I I G x F 0 A gt &1 a7 13/5] = 3/5 R |-3/5] = 3/5,
10] = 01 Z1g 3t oS TEET: x| = 0 | gy I3 a IR b F T H g |a -
b| 1 IRV -4 377 3 & dft=r: |-4 — 3] = |-7] = 71

AT Taheet 21 & e i

) 377 2 % offer 3/2 811 sty 3/2 & ot S/4 &1 FE et wehaT i) fahedt @Y uRAT
HZATI BT ST (a + b)/2 I oft=r #) U s TRAT FZAT & 720)? AfF a <
bdra+ac<a+b<b+b gigac< (a+b)2 < bl 3 Fror AT T FaT
FEAT &1 oI & b 2 G T YT 9% gt glafh) UR v FRAFHT? 19T 3.5 H ¢
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geraeft 3.9 (FoT ART)

Tl 2/3, —S/4 3 1Vs T U TT SFT TR il @1

- 2/3, 0 517 | & dffT & 3 HT B 2 ANl =514 = -1 —2 3T | & o, a1
| G 37 Wy FRI 1Y% = 3/2: | 3R 2 & S ot

2/3 3/2
- K - - >
2 s /‘/ -1 1 2 3x
2/3, =Sl T 3/2

.2 —I/2 377 /4 & & S ulRaer T8 1 #9)
IFTT- FE IR —I/4 (FE -1/2 DT D), 0 377 1/3 (FE 1/4 2 preT &) o) 7 -4,
0, Ifg T &1 (maalt F: —4/8 < —2/8 < 0 < I/3 < 2/31)

.3 Jver #3%: (-1/4) + (5/12)]
3T TF. 12: =3/12 + S/12 = 2/12 = M6 |

9.4 Zoff & UIT I1S%, #H} ¥ 81 O o @7 24 #H =RUI faer er?
ITT- 1S% = 63/4 3 2% = 9/9] FT = 63/4 + /4 = 63/9 = 7 T, Yo AegpeT
gt ar=ham)

.S 3.161S 3 31416 % &= s ufdder F=av)

IJAT- U 3idh 377 9@ Torah 3.14150 317 314160/ 37 314152, 3.141SS, 314158
&l
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9.6 ZI URHT T3 % 1T o JZAT UIet &7 IS 3717 ThT?

IY- &7 3 F JHT & H forgy, 52 918 qeiret o 1e1e 379182 bl 10 (AT gt
FET) IO 3| ITET: 1/3 3R 1/2 = 2/6 3117 3/6 = 20/60 37T 30/60,
HT: 21/60 551 dt=r & ATGH S F TE TF Sich 3V T3

3.5 IIRAT FZATD: AT & FTeft 1T

AR T AT FIAT S b &7 SIaTs Gullen! &7 SIGUIT @t &1 T aterarar (Framiar
800 §9,, Jear ) 37K FwfaaAr @l veft oiaTs At ol giquid det ot syer | arer at
o1l SEITHT-UISYTIRE TR 3 fadi d & A0 d2 = 12 + 17 = 2, 31 d = 42 | FR 2
BI plg & X 3 T I o1 FHdT| F=AT ST H A FWAG YOI F gt e e,
F saRAT J=AG &

V2 URAT & IFaT gHTT (fARYemsirer 3)

TIHT: &3y Rig FIWTT & IHHT IAET A oY IR B3N 6 ST 5 3797 fAchoral
21 TRwra T (S1333T 400 3.9,) & Ugeft o v )

YHATIT

TR | FIT Y V2 URET 81 T A2 = plg IReide FIH (p, ¢ qilen, g # 0, |
faar I FsrAfae quearss a8 )|

TRT 2 GIal Ut @7 a9 2 = plg?

T3 g 3 IO 247 = p*

T 4 I p? TH 2| Al A FTAT FT ot @@ & ar ag FwIT T @it &1 AT p
Wg':p=2k/

JIUTS AT I 27 = (2k)? = 4k

W6 2 I AT g2 = 2k |

T 7 T 2 T & §AT ¢ AAE |

T 8 37 p 3R ¢ 1 T &, FAIT 2 IoAlAS Juerze &) Fg =Ror | BT Ry
T &) EFR Frwrar T ot 2 SARAT F)
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T T TATT 3, S, V7 F foip Ferar & (2 ) o9 ag 7 I3 | N0 &
fore sft =rorar &1 W 4 =T 4 & oI T werar, e o qof a9t & g = 2 URAT
&) 373 719 n qof g3 o & ar m IIRAT &l

TIAT JAT YT +/2 FATAT
HHAT SHT T OA = | FHTS il A TR oia St 377 3T YT AB = | Sifdsd 9| OB
faermsr) wrgymaneg & 0B = (1> + 12) = y2 |
0 I Fg 3R OB FI HeAT AT AT FHfay o1F THAT Y57 FI P U7 H12] aF OP =
V2 3R P TT YT T /2 I gitar § (GrmiT 1.419) |
V3 ¥ Toi: P 9% | GIaTS a7 o1 S, 0 &) Iaa HU v & fAemsit (2 + 1) =
V31 S TE 4, VS, . v TR &1 71t aefarer Afder &1

A

1y

-1

V2 Pt TN HABIT (33T 0AB, fha aTT 0B . P

7T T AT F T oft

0 = GRRY + T ot R & (e 7 1761 # g faam) | sideE (499 §) &
3927/1250 = 3.1416 3T, y7 THESIET I 3 e (FfFHE) Fgr) HT & HET
4t I o T 135 SaldaT F=or & T reid o =anfee: 7w = ¢ x (0 = 13 + /S
— W7 + ..) | ST Ug SIS BT 37 TE 3T & b & 1o Arer ¥ IR-37IT urer
vgTr e &
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3.6 aTdfa® ABATD AT ForFTT
uRAT AR FURAT et areafas FSAD R aardt & U3, sige T 3T §o¢
UEHIeTeY BT AT AT FheT gereta TA &l

TR FRATTT IETEROT

AT (1) 3 oTaT & 3/3 = 0.375

uRAT (stad) | vH T FR-aR T & S/ = 0.454545S... = 0.(4S)
SaRAZT T FahdT, T FIERIdT V2 = 1.4142]386.., T = 3.04159...

feleran @1 a1 srad g foree # Hrew & sid TR-aR e & 0.(4S) FT
37 0.95454S...|

Jr= 10/3 = 3.333... (31F 3 FRIAT &)1 11/12 = 0.91666... (9 T gigwra, o 6
QIERTTT &) | I FIERT FT siw ¥ aF o o @y T &

FT URAT WA I2relt #A #7 1 v 7 I ST 311 FId o %haer |, 2, 3, 6, S, 6
&r Taba & (0 &, T 3 o71ar) | I 6 =N % FIF FHIS O ZIaTIT ST & &
| &1 3 G STT-Th AT QYezrar rartt &1 ST 1/7 = 0.162857142857...]

ST 150 fa<Ir vg=n=ir

plg T TREATH T H o1& gomera Toit Hid (Fa=r aTem) aar & o6 ¢ & ST
TS FHaeT 2 ST S &Y FA? FoAfs Ja H-E7 FHY YUT b & v 10 B 7T
SFATAT o7 Tl &1 IETE0T: 3/20: 20 = 22 x SIS I Jurr: 15/100 = 0.1S | 7t ar
ForHeTd 3T et &1T §
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BT | &% o=z ZerHeTT

3/20 22x§ 0.1S FehaTT &
7/% 2 0.875 Il &
1/3 3 0.333.. 2T &
/6 2 x 3 0.8333... ZIEIaT &

ZRAAAT P ply # TEeTT
& I: i) 0.3 Fger
=T ) 0.3S = 35/100 = 7/20 |

AT 2: gz smart) 0.(6) wzert (6 FRIET D)
AJUT ) x = 0.666... AN

I 2: TF Jieh IGIT & AT 10 I IO |0x = 6.666...
TIUT 3¢ FSTI 10x — x = 6.666... — 0.666... = 6] 31T X = 6]

AT 4 x = 6/9 = 2/3 |

g1 3 aTer g At 0.454S... = 0.(4S)
W) x = 0.454S... & G 3ih FIES & §HGIT 100 T JUIT: 100x = 45.454S...
WAIUT 2: TSI 99x = 4S, I x = 45/99 = SN |

R 3. FAH sat] 0.1666... Fge () Tt 2VaTeT, 6 FIEIaT &)

AT ) x = 0.1666... &7

TIUT 2 T FIETST dTeMT ik T o713y 10x = 1.666...

T 3: PF ZIEIa-TE T I 100x = 16.666...

T 4: GETA: 100x — 10x = 16.666... — 1.666... = IS, 31T 90x = 1S 3R x = 15/90 =
16 |

T% 9% 2.3577... (35 ¥e=rat, 7 FGRIT &)

T N: x = 2.35777..1 100 I Ioir (BT 57 FIGI arer 3ih): 100x = 23S.777..
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=0T 2: 1000 3 3orr (TF FIRIET Fidh 3): 1000x = 2357.777...
TIUT 3 TETHN: 900x = 2)22, 3 x = 2122/900 = 1061/450 |

= -

Iz AT x = F=7) 100 IO (n = FIEIT alet 3ieh) | TET3AN| §eT N
AT x = F=7) 10m F IO (m = F e aTet 3i,), 53 10n 3 T (n = FeTT
aafF aTeT 3ieh) | TIET3| FoT ]

AT TN 37T TAIAT: 10 T TEAT T I U FH3aT, 3T T H e b Feer
T ST STT<T| Db SR p Pl g I T g2 ofil ofll
TFHT AT HT AT
1/7 = 0.1428571428S7... g 142857 OF FHIT HSAT & & | A 6 Jb IUT Hr dr
T& 3 FHS A & 142857 x 2 = 285714, x 3 = 428S7), x 4 = 571428, x § =
714288, x 6 = 857142 URFT =T 1/7 # 89T g7 Uz

STIRAT ZFHAT
HURAT FAI3Y & Zomerd T Fofl T & T ZgrT & : v2 = 1.4142135623.., T =
3.141592653S...] IS TS FHOT & 1T 7gt gIaviar)

gt 3.5 (FoT AlR)
G.) f957T S7a7 50 ayaraiy 1@ 7/20, 4/1S, 13/250 & aist Sahar| {5 el 97197 2 &Arair)
AT 7/20: 20 = 22 x S, HFeT 2 3T S, FAIT ShaT & 7/20 = 0.35]
GNS: IS = 3 x S| qUrTHT 3 & FAIT T & ¢ 4/IS = 0.2666... = 0.2(6)|
13/250: 250 = 2 x S°, SHAD JhdT & : 13/250 = 0.052]

9.2 I/13 T F&T $7797 F37| GETT FS? 2/13, 3/13, 4/13 U AT R=ar &7
ITT- 1/13 = 0.076923 076923... g 076923 (6 3ih) &1 2/13 = 0.153846.., 3/I3 =
0.230769.., 4/13 = 0.307692...]
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FaeNwT: 3/13 R 4/13 # adt giw 0-7-6-9-2-3 It TABR HH A & 57
S[SITT 3T ST3TE 3 () | R 2/13 ST61T HS 153846 3T & (537 Td T
& S/13 = 0.38461S, 6/13 = 0.461538, )| 3T 13 I §T =T AR Berr &

9.3 URAT AT saRAT garsir IR ey s () v81 (i) 2 (i) 0.33333... (iv)
0.12345123651234S... (v) 1.0100100010000!... (vi) 23.560185612239874790120
F9v- () v3) =9 = 9/): 9RAT |
Gi) 12 = 2+31 12 qof oaf a1, Safelr SalRaAa |
Giit) 0.333... SIEIIT & uRAT , = I3 |
(Giv) B 12345 ZErEr & URAT | x = 0.23451234..; 100000x — x = 12345,
37T x = 12345/99999 = 4115/33333 |
) | & o1 o7 dad o & (I, T#2 2, e 3 97 .) | Pl OF &3 aigdt
2IETET , SHRIT JARAT |
(vi) 7E 3 Srar & (Fid), ST URAT : 23.560135612239874790120 =
2356018561223987479012/10% (IReT 13211 &7 FFeHeT 2) |

v.q 2= 13 0.999... = 11
IT7- x = 0.999... &) T 10x = 9.999...] FET3N: )0x — x = 9.999... — 0.999... = 9] 3T
9 = 9 3 x = 1 | & 0.999.. Bl | & ‘T HH &

U.S 1/7 & Fg a7 & DI 3R n ey foleias |/n Th17 g 3o &l

3T~ AT T ATAATIAN N7 = 0.0588235294117647... (16 3ihT T FS), IN9
= 0.05263157394736842]... (13 3ia), /23 (22 &), 1/129, 1/47, 1/59, 1/6] St
T & 3o & T BN, 2, 3 ... IF U B W 3k & T &

et %) a1 o & FBAT F g TU) A ) = 10/10 = 100/100, oF & FiT
GoroTa T 9 ZIERIST aTeTT gaRT T &IT & 1.000... = 0.999..., 2.47000... =
2.46999...]
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3.7 Mt 7 T 2 areft AT F=AT BT IR

( areafass e (P) - URAT + IURHT R
4 e N\ [ )
GRAT TEATT (Q): p/a, 1 # 0 STIRAT (1)
S N
YUTieh (2): ... =2, -1, 0,1, 2 .. Jods Tt
/ \
iehd () FHTT o FehelT &
1,23 4.. TEIEAATE
(quf =D - NV 3R 0)
q 3?‘ 1/2, -3/4, 0.35, 0.14285%... H}
\ J
K\ O\ ))

gt (N): 1, 2, 3 ... faerdt @) F=D)

qIiE (2): A 3717 FONHE 180

URAT (Q): I plg (g # 0)| FHETT IHT AT ZIeIT &
aaf¥@a (1): 12, T, Y10 St ZorFer T SadT, 7 el
aredfad (R): URAT + 3RFT = G F=or Y7

AN ) T &7 BIF ARl AT T A T JFT —| g 3l s
Ao & Freulasm FEAE I918, e | feida & 2 faga SAaRe, Feresn
siifaaT 37iv geeT AISISET 7 1er 3T &1 TE AT Seft i H)

AT & 3id & T (o7 Afed)

v.) ¢ 9T 3 sger: () 3/50 (i) 2/4
g () 3/50 = 6/100 = 0.06 (Fd)| (i) 2 + 9 = 0.222... = 0.(2) (31 2 ZIgran
& oI 2 FR-FIT 7T &)

v.2 g & 13 S sufeder &)
I AT ol VS = plg, HE-337T T, g # () Sq* = p*l 3T S, pzﬂ#ﬁ?ﬂﬁgm
&1 S aramew & ST S, p B fARnfIT Fwar &l p = Sk N qT Sq7 = 25k,
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T q* = Sk, FARIT S, ¢ HF AT H2dr &1 3T S, g & AT fasnfela #ar
8l 57 S, p 3T g I Y RTIfoIT BT &, A TE-3TTT &ret T fakrer &1 37T
VS JuRAT & |

.3 p/g & ggenm: () 12.6 (i) 0.0120 (jii) 3.0(52) Gv) 1.2(3S) (v) 0.(23) (vi)
2.008) Qi) 2.02(S) Qi) 3.02(S) (ix) 2.(1625)

Iv- (Frsd &7 T gIerar & Gii) 3.0 $2 S2.., Gv) 1.2 35 3S..., (v) 0.23 23.,
i) 2.0 S S.., i) 202 S S..., (i) 302 S S.., (ix) 21625 1625...1)
() 126/10 = 63/5 |
Gii) 120110000 = 3/250 |
Gii) x = 3.05282..: 10x = 30.5252.., 1000x = 3052.5252...] TET3N: 990x =
3022, AT x = 1SN/49S |
Gv) x = 1.2353S..: 10x = 12.353S..., 1000x = 1235.353S...] 990x = 1223, 37:
= 1223/990 |
(v) 100x = 23.2323.., 737 99x = 23, x = 239 |
(vi) x = 2.0855..: 10x = 20.555..., 100x = 205.555...] 90x = I8S, AT x =
135/90 = 3718 |
(Vi) x = 2.1285S...: 100x = 212.555..., 1000x = 2]25.855... 900x = )9)3, 37cF: x
= 1913/900 |
(viii) x = 3.J255S.. 100x = 312.85S.., 1000x = 3125.555...] 900x = 283, 3T
x = 2813/900 |
(ix) x = 2.16251625... 10000x = 21625.1625...] x TET3: 9999x = 21623, 37 x
= 21623/9999 |

Y.4 =7 Y& g7 difbd #an (i) 0.532 (i) 1.1(S)

ITv- (i) 0.532 = §32/1000 = 133/250] FE€ 0.5 3777 0.6 & =T & 0.5 ¥ 0.6 P 10
ST & Fiel, T 0.53 37 0.54 & dter & 33 o 10 97N 3F sieawe gorT
faerst ot
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(i) 11SSS.. = $2/451 FF 1) 3il7 1.2 % offer & 37 &3 @7 10 sany & iey;
1.15SS... 77 (1.1S) I IIST I, 1.6 2 Uger &

.S 3 a7iv 4 & =T 6 uRAT T
I9- 3., 3.2, 3.3, 3.4, 3.5, 3.6 (AT 31/10, 32/10, .)|

.6 2/S 31 3/S & e S URFT F==7D)
I 20/50 3717 30/50 TA=TI 21/50, 22/50, 23/50, 24/50, 25/50 7Y

.7 1/6 3717 2/S & o= S uRAT T
IJ- .. 30: 1/6 = S/30- 3R 2/S = 12/30/ 6/30, 7/30, /30, 9/30, 10/30 &7 (Frft
1/S, 7/30, 4/IS, 3/10, 1/3)]

9.8 x/3 + x/S = 16/IS| x TTT FHJ
ITT- oT.F. 1S: Sx/IS + 3x/IS = 8x/IS = 16/IS] 3T 8x = 16 3T x = 2 | AT 2/3 +
2/5 = 10/1S + 6/1S = 16/IS /|

.9 a, b AR URAT & 3R a + I/b = 0] ab &TTHF & AT FUNHF?
ITT-a + /b = 0 & 37F a = —I/bl ZIA UK & b 2 IOT FI: ab = = | 37T ab
FONHF &

9.10 TF GRAT TIT T F9HHCTd i & 377 Qe srear siah =l R1eT W &) 13 s
3 o pll0s & p, 10 3 A3 s7gt) T T2erasr T 7 &2 24 AT S* I f3srear
BT ST &7

I<IT- FHACTT I 4 DI [HTHT U qUlfen p 1H6TIT &, SATAT TF=AT p/10+ &) =

3idh ST & SAIT p &1 QA gz 0 F& |, 37T 10, p @7 fasfIT F&t FaT)
FHT 104+ = 2% x S| p, 10 I fasy1e7r Tig), ST p 2 B fAsyew 1t 27 S @
s st (3 20a1) | p fawer & ar IS 2 F& Haadr, 7 &7 H 24 T &l
gl p, S I o713 T gr ar S¢ &I BT &1 T g7 24 AT §* (FHH A A D) I
fasimeer & e 2 I SiTeAd gl IgTEROT: 0.000S = S/104 = 1/2000 37T 2000
= 24 x §* (Faer 24 I fas7e7) |
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G faar H197 150 a7 135 13/125 Fia & a7 &) fraer F9/HeTd 37a?
IJR- 125 = §3, oot S, AT AT &1 22 3 IOT: 13/125 = 146/1000 = 0149 | 37T
3 FOrHAT T |

Y12 Joeiad TU & URAT JJT o7 g7 2° x S gl Tt gomeld RTsT?
Y- -8 T S T VT Fwab 2° x §* = 0> T3] S7T: GorHeIa 3 TATT YT TATT
T &1 (T BT = 2 31l § S arar & & g3t 7))

i3a =7/12, b =5/6la=kim3Rb = ko/m fAETT&T b — ky > 61 0 IR b &
&ft=r aier URAT Tz @1l n F13 % TAC by — ky > 0 + | F4 =120?
IJT- IREA FHa = /12 3 b = 10/12, ko — ky = Aol 3] S7T-8T HT 3 T IO a =
21/36, b = 30/36, IFT-m = 36, ks = 2|, ko = 30, 3R ko —ky = 9> 6 /|
o= 1 uier T 22136, 23/36, 24/36, 25/36, 26/36 |
oIt FAY? oIty ky ST ko @ offer S ko — ko — ) qOF D @At ) v B
3N & AT ko — ko — | 2 0 =R, T ko — ko 2 0 + | (G3TF JADT &t
BT BT FTBFHT St &) | 3R e g dAr gt FEAT I JUT F o9 HAT &

y‘.l‘lqﬁﬁﬂx,y,zﬁv'ﬁvx+g+z=03#€xg+yz+zx=OI@ETﬁx:g=z=
0l

m—wwwﬂf(x+y+2)2=xz+yz+22+2(xg+gz+zx)/5'7ﬁﬂ%f0§
3V ZT0 @7 IS 0 & 3T x2 + y? + 22 = 0 | 53 &3 FOTHS it &,
RACIT it F9TF 7 0T it [T & o9 &R P TH & FTx =y =2 =0 |

9IS f2mary 15 (a + b)/2, a SR b & dft=r &)
3??’—0<b67ﬁ785fa+a<a+b,3‘783a<(a+b)/2l@72f3?'a+b<b+b,3‘7?{‘
(a+b)2 <bl5EiTacla+b)l2ch

.16 gateer After # HUIT F1 oISTS1)
I IS SJeams | aTet Faap T e A SR U /2 | 3TTer (T #t sJerms 2 IR
) B A2 + 1) = 3 | TR Sams 43 SR 1 o/ = 2| JTF FIE AfS, /6, 17,
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V8, 3 (= /3) , 377 3713Y) TTATHT: p-at F0F /(0 + 1) 21 & AT HF =
Sz + 1)1

c—olﬁ?ra?w
N farerdt & J=ms . 2 er&?raﬁ?xw//woh AT & ®Q ITplg (g #0) - R
HIRHT &zar &l
JEIIT o 977 a + 0 = a, a x 0 = 0, FUT x K0T = &7
TRET T TeT & (0 + b)/2, a 3T b & o= &7 &
TREIH plg Tid & AlF ¢ # Fder 2 R S & 7@t ar srmae]
ST FIHCIT _, {3 100 A IV b T3]
V2 37 1 STURAT & Z9/HeTd o SehalT, T GIERIAT] 2 T FHIOT TaIemsirar 3]
0.999.. = 1 a 3R b & T g = |a — bl

folgren @1 a1 Jg RN /7, 2/7, 3/7 T FRCTT sl AT I fAebTeAl] & T I
sir T &7 TS 35 AT ¥ g T ol
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